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We consider the four-dimensional effective field theory which has been used in previous studies
of perturbations in the Ekpyrotic Universe, and discuss the spectrum of cosmological fluctuations
induced on large scales by quantum fluctuations of the bulk brane. By matching cosmological
fluctuations on a constant energy density hypersurface we show that the growing mode during the
very slow collapsing pre-impact phase couples only to the decaying mode in the expanding post-
impact phase, and that hence no scale-invariant spectrum of adiabatic fluctuations is generated.
Note that our conclusions may not apply to improved toy models for the Ekpyrotic scenario.
I. INTRODUCTION
Recently, Khoury et al. [1] suggested a new cosmolog-
ical scenario which they called the Ekpyrotic Universe,
a model motivated by string theory (more precisely on
Horava-Witten theory [2]). The authors claim it solves
the well-known problems of standard cosmology such as
the horizon, flatness and monopole problems (see e.g. [3])
without the need to invoke a period of inflationary expan-
sion (see, however, [4] for an opposing view concerning
this claim). In particular, a mechanism which predicts
a scale-invariant spectrum of adiabatic density fluctua-
tions, whose magnitude can be adjusted to agree with
observations, was suggested.
According to the Ekpyrotic Universe, the Big Bang of
standard cosmology is replaced by the collision of two
parallel branes, one of which is our visible space-time,
in a higher dimensional bulk. In the specific realization
studied in detail in [1], the visible space-time is an orb-
ifold fixed plane in a five-dimensional bulk space-time,
the fifth dimension being a S1/Z2 orbifold whose length
is substantially larger than the radius of the internal six-
dimensional Calabi-Yau space. The second orbifold fixed
plane is the hidden brane. The scenario assumes a cold
initial Universe with flat orbifold fixed planes, and is
based on the suggestion that a light bulk brane is nu-
cleated near the hidden brane, and attracted via a bulk
potential to the visible brane. The impact of the bulk
brane on the visible brane generates the heating event
of the visible Universe which replaces the Big Bang of
standard cosmology ∗.
∗For a discussion of conceptual issues crucial to the Ekpy-
rotic Universe scenario, in particular the initial condition
problem, the reader is referred to [4–8].
This paper concerns the proposed mechanism of gen-
erating a scale-invariant spectrum of adiabatic cosmolog-
ical fluctuations without the need to invoke inflation †.
The suggestion is that quantum fluctuations in the posi-
tion of a light bulk brane in the five-dimensional bulk of
heterotic M-theory lead to a space-dependent time delay
in the brane collision which results in density fluctua-
tions on the visible brane. Similar to the case of infla-
tionary cosmology [12], small quantum fluctuations can
generate a large time delay, and hence large density fluc-
tuations. For a bulk potential given by a single exponen-
tial factor, the spectrum calculated using the methods of
[1] (which effectively neglect the metric fluctuations) is
scale-invariant.
However, Lyth has recently claimed [13] that the re-
sults change in a dramatic way when the metric fluc-
tuations are taken into account, and that the curvature
fluctuations produced in the Ekpyrotic Universe are in
fact not amplified at all on super-Hubble scales and that
the resulting spectrum of curvature fluctuations is a blue
spectrum with index n ≃ 3 instead of scale-invariant
(n = 1). Note that a blue spectrum is also obtained in
the case of simple models of pre-big-bang cosmology [14]
which only include the dilaton field [15]. Both Khoury et
al. and Lyth use an effective four space-time dimensional
model which includes, in addition to the graviton, only a
single scalar field (a field which represents the location of
the bulk brane in the fifth dimension). Lyth’s argument
is based on the fact that there is no growth of curvature
fluctuations on super-Hubble scales.
†Note that there are toy models based on topological defects
which also produce a scale-invariant spectrum (see e.g. [9,10]),
but these alternatives lack a convincing microphysical moti-
vation. There also exist some special backgrounds for which
pre-big-bang cosmology generates such a spectrum [11].
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In this paper, we use the junction conditions for cosmo-
logical fluctuations derived by Hwang and Vishniac [16]
and by Deruelle and Mukhanov [17] (see also [18]) junc-
tion conditions for cosmological fluctuations to demon-
strate that, within the context of the effective field theory
used in [1] and [13], the spectrum of curvature fluctua-
tions at late times is blue, and that there is no overall
amplification of the amplitude between the times when
the perturbation mode exits the Hubble radius during the
pre-impact phase and when it re-enters during the post-
impact period, the reason being that the growing mode
of the pre-impact phase couples exclusively to the decay-
ing mode during the post-impact period. Note that our
conclusions are based on a particular four-dimensional
effective field theory for the Ekpyrotic scenario and may
not apply to improved descriptions.
Note, however, that in the Ekpyrotic Universe there
are many matter fields which must be considered, in ad-
dition to the scalar field representing the position of the
bulk brane. In a followup paper, we will investigate the
isocurvature modes of these fields which can be excited by
the fluctuations of the bulk brane. These modes would
then, in turn, induce a growing adiabatic component.
This latter mechanism would have close analogies with
the physics which describes the growth of axion fluctua-
tions in inflationary cosmology [19] (see also [20]), or the
growth of axion fluctuations in pre-big-bang cosmology
[11].
The outline of this paper is as follows. After a review of
the version of the Ekpyrotic Universe scenario presented
in [1] (Section 2), we discuss (Section 3) the effective
field theory considered in [1] and [13] and demonstrate
(Section 4), using the matching conditions of Hwang and
Vishniac [16] and Deruelle and Mukhanov [17], the ab-
sence of an overall amplification of the spectrum of fluc-
tuations. We conclude with a discussion of the severe
limitations of any four-dimensional effective field theory
description.
II. REVIEW OF THE EKPYROTIC UNIVERSE
SCENARIO
The Ekpyrotic Universe scenario is not the first at-
tempt to combine string theory and cosmology (see e.g.
[21,22] for recent overviews of various approaches to
string cosmology). As will be shown below, it bears many
analogies, in particular in terms of the analysis of fluctu-
ations, with pre-big-bang cosmology [14] (see e.g. [24] for
a recent comprehensive review). Crucial to both scenar-
ios is the role which the dilaton or other scalar fields play
in the cosmological scenario. In both cases, the Universe
is assumed to start in a cold, symmetric state ‡, although
‡There is also a very different approach to string cosmology
in which the Universe is assumed to start out in a hot thermal
in the case of the pre-big-bang scenario this assumption
can be somewhat relaxed [26]. Since in this case the
Universe has infinite age, the horizon problem is solved.
The assumption of initial symmetry produces a Universe
without spatial curvature §
The basic setup is the following. We start from the
action of 11-d supergravity compactified on a S1/Z2 orb-
ifold and compactify the theory on a Calabi-Yau three-
fold [2]. The radius of the orbifold is taken to be much
larger than the radius of the Calabi-Yau three-fold, im-
plying that there is a large energy range where an effec-
tive 5-d description of the physics applies [27]. The bulk
effective action takes the form
S =
M5
2
∫
M5
d5x
√−g(R − 1
2
(∂φ)2 − 3
2
e2φF2
5!
)
, (1)
where the scalar modulus field φ represents the radius
of the Calabi-Yau three-fold, F is the field strength of
a four-form gauge field, and the rest of the notation is
standard. Note that the dilaton is assumed to be frozen.
There are two orbifold fixed planes, the visible brane
located at y = 0, and the hidden brane located at y = R,
where y is the coordinate in the orbifold direction, and
R is the orbifold radius. Associated with each orbifold
fixed plane is a brane action, whose form will not be
important in the following. Important for the following
discussion is the fact that several fields are present in
the bulk, setting the stage for the possible generation of
entropy fluctuations.
The above action admits a symmetric BPS solution
which contains, in addition to the orbifold fixed planes, a
bulk brane parallel to the boundary fixed planes, located
at the position y = Y . The solution takes the form [1,4]
(generalized from [27])
ds2 = D(y)
(−N2dτ2 +A2dx2) +B2D4(y)dy2)
eφ = BD3(y) (2)
F0123y = −A3NB−1αD−2(y) (y < Y )
= −A3NB−1(α− β)D−2(y) (y > Y ) ,
where τ is conformal time and
D(y) = αy + C (y < Y ) (3)
= (α − β)y + C + βY (y > Y ) ,
state, with all degrees of freedom, including winding strings
[23] and branes [25], excited. This brane gas scenario has the
potential of explaining why there are only three large spatial
dimensions, but it does not (yet) provide a mechanism of
structure formation.
§However, this alone does not explain a second aspect of
the “flatness problem” which is naturally solved by inflation,
namely why the spatial size of the visible brane is large enough
to agree with present observations, or, equivalently, why the
entropy is so large [4].
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with A,B,C,N and Y being constants and C > 0. The
associated tensions of the visible, hidden and bulk branes
are−αM35 , (α−β)M35 and βM35 , respectively, where both
α and β are positive.
The action (1) does not include non-perturbative in-
teractions between the bulk and boundary branes. Such
are assumed to lead to a potential V (Y ) with which the
bulk brane is attracted to the visible brane. If the bulk
brane is light and the interaction forces are weak, then
the dynamics of a configuration starting out in the BPS
state (2) corresponds to the bulk brane moving adiabat-
ically towards the visible brane. This dynamics can be
described [1] in terms of a moduli space action in which
the parameters A,B,C,N and Y of the ansatz (2) are
taken to be time dependent. The effective action for
these parameters is obtained by inserting the ansatz (2)
into the action (1) and integrating over space. If x de-
pendence of the parameters is to be allowed (which we
must when studying fluctuations), then only integration
over the orbifold direction y is performed. In either case,
the potential V (Y ) must be added to the effective La-
grangian by hand. In [1], the parameters B and C were
left to be constant, yielding an 4-d effective action for a
single “scalar field” Y in a cosmological background with
scale factor a determined by A and N .
In the Ekpyrotic Universe scenario, branes and bulk
are assumed to start out in the cold, symmetric BPS
state given by (2). It is assumed that the light bulk
brane is nucleated near the hidden brane, and that it
then slowly moves towards the visible brane, attracted
by the potential V (Y ). Associated with the bulk brane is
another brane action. After integrating over the orbifold
direction, this action yields a four-dimensional effective
action for a scalar field ϕ related to the orbifold position
Y . The potential produced by nonperturbative effects in
string theory was taken to be (see e.g. [28] for some work
on the origin of such potentials)
V (ϕ) = −V0e−
√
2
p
(mp)
−1ϕ
, (4)
where 0 < p ≪ 1 and mp denotes the 4-d Planck mass
(using the notation of [13]).
The proposed mechanism of structure formation is
based on quantum vacuum fluctuations in the position
of the bulk brane ∗∗. In the 4-d effective field theory
description, these fluctuations are represented as pertur-
bations of the scalar field ϕ. The analysis of fluctuations
performed in [1,4,13] was based on considering the 4-d
effective action for gravity in the presence of the scalar
field ϕ. In [1,4], the time delay formalism of [12] was
used to determine the fluctuations in the time of impact
of the bulk brane on the visible brane, which in turn de-
termines the resulting density fluctuations. The result is
∗∗The initial classical fluctuations must be tuned to be
smaller than the induced quantum vacuum perturbations [4].
a scale-invariant spectrum of adiabatic fluctuations. The
time delay method, however, is not accurate when the ex-
pansion of space is not quasi-exponential [29], as in this
case and similar to power law inflation. Lyth [13], on the
other hand, focused on ζ, the curvature perturbation in
comoving coordinates [30] (denoted by −R in [13] - we
follow the notation of [31]), a quantity which is conserved
on scales larger than the Hubble radius in the absence of
non-adiabatic perturbations [30,32–34]. He showed that
because ζ is conserved the curvature fluctuations remain
small in amplitude and have a blue spectrum, as they
do in the pre-big-bang models which only take into ac-
count the dilaton field (Lyth’s calculations confirm that
in the absence of metric fluctuations the power spectrum
of fluctuations in ϕ is scale-invariant).
However, from the form of the BPS solution (2) it is
clear that fluctuations in the position of the bulk brane
do not decouple from fluctuations in other fields such as
the modulus field Φ. Including the dynamics of these
fields may give a different dynamics on which the fluctu-
ations evolve. Neglecting these coupling means eliminat-
ing the isocurvature modes which are inevitably present
in the Ekpyrotic Universe and which will be discussed
in a followup paper. These latter allow for the establish-
ment and growth of entropy fluctuations on super-Hubble
scales, in close analogy to what occurs in the case of ax-
ion fluctuations in inflationary cosmology (see e.g. [19])
and in the case of the growth of fluctuations on super-
Hubble scales during the reheating period of inflationary
cosmology [35,36] (such growth does not occur in single
field models [36,37], but it does occur in the case of the
existence of unsuppressed entropic fluctuations [38,39]).
III. THE ORIGINAL EFFECTIVE FIELD
THEORY FOR THE EKPYROTIC UNIVERSE
The effective action for fluctuations used in [1] and [13]
is
S =
∫
d4x
√−g( 1
2κ2
R+
1
2
(∂ϕ)2 − V (ϕ)) , (5)
where, as mentioned before, ϕ is a scalar field which rep-
resents the position of the bulk brane in the fifth dimen-
sion, and where κ2 = m−2p = 8πG.In this effective field
theory, fluctuations in the position of the bulk brane gen-
erate adiabatic curvature perturbations.
The background equations of motion relevant to the
following analysis are
ϕ¨+ 3Hϕ˙+ V
′
= 0 , (6)
and
H2 =
1
3m2p
(1
2
ϕ˙2 + V (ϕ)
)
, (7)
where an overdot denotes the derivative with respect to
physical time, the prime in V
′
denotes the derivative with
respect to ϕ, and H is the effective Hubble constant.
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The relevant solution of (6,7) is given by
a(t) ∝ (−t)p (8)
or
H =
p
t
. (9)
In this solution, the time t is negative. Since
m2pH˙ = −
1
2
ϕ˙2 , (10)
we can determine the solution for ϕ˙
ϕ˙2 =
2pm2p
t2
, (11)
from which the background values of all relevant quanti-
ties can be determined. In particular,
V = −(1− 3p)pm
2
p
t2
(12)
V
′
=
√
2p(1− 3p)mp
t2
. (13)
In order to determine the evolution of the curvature
fluctuations, we make use of the gauge-invariant formal-
ism of [31] and focus on the gravitational potential Φ
which appears in the metric which includes linear fluctu-
ations (in longitudinal gauge) as
ds2 = a2(η)
[
(1 + 2Φ)dη2 − (1− 2Φ)dxidxi
]
, (14)
where η is conformal time. By inserting this metric and
the decomposition of the scalar field ϕ into background
and fluctuation δϕ, it was shown by Mukhanov [40] (see
also [41]) that the following combination v of metric and
matter fluctuations corresponds to the canonically nor-
malized fluctuation variable
v = a
(
δϕ+
ϕ˙
H
Φ
) ≡ aQ . (15)
In the absence of entropy fluctuations (e.g. in the sin-
gle matter field model considered in this section), the
equations of motion of fluctuations reduce to
v
′′
k +
(
k2−a
′′
a
+ a2V
′′
(16)
+ 2a2
[ H˙
H
+ 3H
]·)
vk = 0 ,
where primes on functions of time denote the derivative
with respect to conformal time, and the primes on func-
tions of ϕ denote derivatives with respect to ϕ. Overdots
denote derivatives with respect to physical time.
From the background equations of motion it follows
that the last two terms on the left hand side of (16) cancel
out. The only remaining term in the frequency for v is
therefore the curvature, i.e. a′′/a:
a′′
a
= p
2p− 1
(p− 1)2η2 . (17)
The solution for Q normalized by the initial vacuum state
condition can thus be expressed in terms of Hankel func-
tions Hν :
Qk = A(−η)νH(1)ν (−kη) (18)
where the index ν and amplitude A are given by
ν =
1
2
1− 3p
1− p , A = e
i(ν+ 1
2
)pi
2
√
π
2
1
(1− p) p1−p
. (19)
The above solution agrees with the Minkowski limit for
−kη→∞. For long wavelengths (−kη → 0), Q scales as
[43]:
Qk ≃ A(−η)ν
[
(−kη/2)ν
Γ(ν + 1)
− i Γ(ν)
π(−kη/2)ν
]
. (20)
The curvature perturbation ζ introduced by Bardeen
[30] is related to Q as follows:
ζ =
H
φ˙
Q . (21)
By using the behavior for long wavelengths (20) and in-
serting the background values for H and ϕ˙, one obtains
for the spectrum of curvature perturbations:
Pζ(k) =
k3
2π2
|ζk|2 (22)
=
p k3−2ν
4m2pπ
4
|A|2 22ν Γ(ν)2 .
Note that the spectrum is independent of time, a well-
known result [32–34], and that its amplitude is propor-
tional to p.
For extremely slow contraction [1], i.e. p ∼ 0 or equiv-
alently ν ∼ 1/2, one obtains a blue spectrum of curvature
perturbations with index n ∼ 3 and with an amplitude
which is suppressed by the small number p, in agreement
with the result of Lyth. The reason for this is the crucial
effect due to metric perturbations in Eq. (16). The bulk
brane fluctuations in rigid spacetime, i.e. without the
inclusion of metric perturbations, are amplified by the
negative effective mass [1,4] and obtain a scale invariant
spectrum. However, when one include self-consistently
the metric perturbations, the instability due to the neg-
ative effective mass is exactly cancelled by the gravita-
tional contribution ††, and the bulk brane fluctuations
††A similar exact cancellation between the potential term
and the gravitational corrections also occurs in power-law in-
flation [42].
4
satisfy the same equation of a massless minimally cou-
pled scalar field. If contraction is very slow, the curva-
ture term (17) in Eq. (16) is very inefficient in amplifying
fluctuations and v (or Q) essentially remains in its initial
vacuum state. In principle a scale invariant spectrum for
Q can be obtained for p = 2/3 (not constant in time) or
for p >> 1 (constant in time). In the latter case it is not
clear if such a fast contraction can successfully solve the
horizon problem.
On the other hand (as pointed out in [44]), the general-
ized Newtonian (Bardeen) potential Φ does grow during
the Ekpyrotic phase. The general solution for Φ on scales
much larger than the Hubble radius is [31]
Φ = S
H
a
+D
(1
a
∫
adt
)·
, (23)
where S and D are constants. In an expanding Universe,
e.g. in inflationary cosmology, S is the coefficient of the
decaying mode, and D is the coefficient of the dominant
mode. In a contracting background, e.g. in the pre-
impact phase of the Ekpyrotic Universe or in the pre-
bounce phase of pre-big-bang cosmology, the S-mode is
a growing mode. For a scale factor described by a power
of time, the D-mode is constant. This is the case both in
an expanding and in a contracting background.
In our case the scale factor is approximately constant
(it decays with a very small power of η) the growing mode
scales as η−1. The growth starts at the time ηk when the
scale labelled by k exits the Hubble radius
ηk ∝ 1
k
. (24)
Hence, the spectrum of the growing mode of Φ is scale-
invariant
PΦ(k, η) =
k3
2π2
|Φk(η)|2 (25)
=
k3
2π2
(ηk
η
)2|Φk(ηk)|2
∝ k0 .
Note that the spectrum of the D-mode of Φ does not
obtain the factor η2k and hence is blue (n = 3).
The results of the two previous paragraphs can be ob-
tained from our earlier equations concerning ζ by relating
the generalized Newtonian potential to the time variation
of ζ in the usual way [36]:
k2Φk = − 1
2m2p
ϕ
′2
H ζ
′
k . (26)
By using
ζ′k =
√
p
2
kA
mp
(−η)νH(1)ν−1(−kη) (27)
and Eq. (26) one obtains for the Newtonian potential for
small k:
Φk = − A
√
2p
mp(1 − p)
[
(−η)2ν−2
2νΓ(ν)k2−ν
− i2
ν−2Γ(ν − 1)
πkν
]
.
(28)
From this equation it is clear that Φ obtains a compo-
nent constant in time ∼ k−ν and a growing mode with
spectrum ∼ kν−2. This latter component for p ∼ 0 gives
rise to a scale-invariant spectrum.
The natural question which we are going to address
in the next section is the fate of this growing mode. Of
course, such growing modes in contracting universes are
physical. The gauge is completely specified in Eq. (14)
and thus Φ for nonzero k has a gauge-invariant meaning.
Since Φ - and not only ζ - enters in observables such as
the CMB anisotropies without any suppression factors,
its spectrum leaves a direct imprint. Therefore, the only
way that the growing mode of Φ in the contracting phase
can disappear from physical observables at late times is
if this mode only matches to the decaying mode of the
post-impact radiation-dominated era. We will show that
this is exactly what occurs.
A similar effect arises in the pre-big-bang scenario.
Also in that context, the growing mode of the contract-
ing phase of the pre-big-bang phase does not match to
the constant mode of the standard big-bang phase [17]
(It is not an issue of “gauging away” the growing mode
as stated in [15]).
IV. MATCHING CONDITIONS
As we have seen in the previous section, the growing
mode of the Bardeen potential Φ is increasing during
the Ekpyrotic phase and obtains a scale-invariant spec-
trum, whereas the curvature parameter ζ does not grow
and is not scale-invariant (it has n = 3). This situa-
tion is similar to what occurs in pre-big-bang cosmology
[15]. During the radiation dominated post-impact phase,
both ζ and the non-decaying mode of Φ are constant.
Lyth [13] argues that ζ is continuous across the transi-
tion and that hence the final curvature fluctuations are
not scale invariant and have negligible amplitude. How-
ever, since the variable Φ enters directly in the expression
for the cosmic microwave anisotropies, one could argue
that the scale-invariance of the growing mode of Φ will
lead to scale-invariance of late time cosmological observ-
ables (this is the claim made in [44]).
In the following we will use the Hwang-Vishniac [16]
and Deruelle-Mukhanov [17] matching conditions for
cosmological fluctuations to demonstrate that the pre-
impact growing mode of Φ does not couple to the post-
impact dominant (i.e. non-decaying) mode of Φ. Since
the subdominant (constant) mode of Φ during the pre-
impact phase is not scale-invariant, this implies that the
spectrum of Φ at late times is determined by the initial
spectrum of the constant mode of Φ, and that it is hence
neither large in amplitude nor scale-invariant, thus con-
firming the results of Lyth.
5
The Deruelle-Mukhanov matching conditions which re-
late the fluctuations across a discontinuous transition in
the equation of state are applicable if the transition oc-
curs on a surface of constant energy density. This is satis-
fied in the pre-big-bang scenario since (presumably) the
graceful exit mechanism which determines the bounce
occurs at some fixed energy density. In the Ekpyrotic
scenario, the transition surface is determined by when
the bulk brane impacts on the visible brane. Since the
energy of the visible brane before impact is constant in
space and time (given by the brane tension) and since
for long-wavelength fluctuations the extra energy den-
sity imparted to the visible brane by the collision with
the bulk brane is independent of space when measured
at the time of impact, the above condition for applica-
bility of the Deruelle-Mukhanov matching conditions is
satisfied. The matching conditions imply that both Φ
and
ζˆ = ζ − 1
3
k2Φ
(H′ −H2)−1 (29)
are continuous across the transition. For large-scale fluc-
tuations, this implies the continuity of Φ and ζ. Since the
total energy density does not change at the impact time,
we take the magnitude of H to be continuous across the
transition ‡‡
We write the generalized Newtonian potential Φ before
impact as
Φ− = D− + S−
H−
a2
(30)
and after impact as
Φ+ = D+ + S+
H+
a2
. (31)
Here, the coefficients Di (i = ±) denote the amplitudes
of the constant modes, S− is the amplitude of the grow-
ing mode during the Ekpyrotic phase, and S+ is that
of the decaying mode after the Ekpyrotic phase. Sub-
scripts − and + denote the limiting values of the quanti-
ties evaluated at the impact time on the pre-impact and
post-impact branches.
We find D+, S+ as a function of D−, S− by matching
Φ and ζˆ.It is useful to recall the expression for ζ in terms
of Φ [31]:
ζ =
2
3
Φ +H−1Φ˙
1 + w
+Φ . (32)
‡‡Note that we are matching a contracting phase of cosmo-
logical evolution to an expanding phase at the impact time,
similar to what is done in the Einstein frame description of
Pre-Big-Bang cosmology. The impact in the model of [1] oc-
curs at a surface of finite density.
Setting k = 0 leads to the following system of equations:
D+ = D− +
H−S− −H+S+
a2
(33)
H−
H′− −H2−
(
H−D− + S−
a2
(H′− −H2−)
)
=
H+
H′+ −H2+
(
H+D+ + S+
a2
(H′+ −H2+)
)
(34)
The second equation can be rewritten as:
H2+
H′+ −H2+
D+ =
H2−
H′− −H2−
D− +
S−H− − S+H+
a2
. (35)
We subtract Eq. (33) from Eq. (35) and we get:
H′+ − 2H2+
H′+ −H2+
D+ =
H′− − 2H2−
H′− −H2−
D− . (36)
Thus, the late-time constant mode receives no contribu-
tion from the pre-impact increasing mode. Hence, the
final amplitude of Φ is small, and its spectrum is not
scale-invariant. This result agrees with the conclusions
of Deruelle and Mukhanov in the case of the pre-big-bang
theory. Note that in the case of an inflationary Universe
modeled with an equation of state with w constant dur-
ing and after inflation, but with a discontinuous change
in the equation of state at the end of the period of in-
flation, then Eq. (36) reproduces the well-known result
[32,33] that the value of Φ increases by the ratio of the
factors 1 + w between the period of inflation and the
radiation-dominated phase.
If we now take into account the term in ζ proportional
to k2, then Eq. (35) becomes
1
H′− −H2−
(
(H2− +
k2
3
)D− +
H−S−
a2
(H′− −H2− +
k2
3
)
)
=
1
H′+ −H2+
(
(H+ + k
2
3
)D+ +
H+S+
a2
(H′+ −H2+ +
k2
3
)
)
.
This change leads to
D+ = AD− +Bk
2(S+ − S−) (37)
which means that the imprint of the growing mode dur-
ing the contracting phase on the constant mode of the
standard big bang phase is suppressed by k2 and is there-
fore unimportant in the long wavelength limit for p ∼ 0.
However, we note that for p ∼ 2/3 (for this case ζ has a
scale invariant spectrum) there is the possibility to get a
scale invariant spectrum for Φ in the expanding phase by
the matching with the growing mode in the contracting
phase (the growing mode is Φ ∼ (k7/2η5)−1).
V. DISCUSSION
Perhaps the most important aspect of the proposed
Ekpyrotic Universe scenario is the claim that it gives rise
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to a mechanism to produce a scale-invariant spectrum
of adiabatic cosmological fluctuations with an amplitude
which can be tuned to agree with observations.
We have studied a four-dimensional toy model of the
Ekpyrotic scenario. In this context, we have used the
Hwang-Vishniac [16] and Deruelle-Mukhanov [17] match-
ing conditions to demonstrate that there is indeed a grow-
ing mode of the adiabatic metric fluctuations (quantified
most conveniently in terms of the generalized Newtonian
potential Φ during the pre-impact phase, and that this
mode has a scale-invariant spectrum (in agreement with
the conclusions of [44]), but that this mode does not cou-
ple to the non-decaying mode of the post-impact phase.
The non-growing mode of Φ during the pre-impact phase
does have a blue spectrum (n = 3). The final spectrum
of fluctuations in the radiation-dominated phase is thus
blue and of negligible amplitude. These conclusions can
also be obtained by focusing on the variable ζ. Our work
confirms that ζ is indeed constant across the transition,
(as argued in [13,45]). We warn the reader that our con-
clusions are based on the toy model studied, and may
change in a calculation which better encodes the higher-
dimensional stringy aspects of the Ekpyrotic scenario.
Note that our approach to this four-dimensional toy
model of the Ekpyrotic Universe assumes that the match-
ing happens at a finite value of the effective four-
dimensional scale factor, as suggested in [1]. It is also
based on using the negative potential at the impact point,
whereas in [1] it is suggested that the potential should
vanish close to Y = 0, as has been emphasized in [44].
However, this modification of the potential alone is un-
likely to yield a scale-invariant spectrum. It makes the
model look more like the Pre-Big-Bang scenario, and also
yields a blue spectrum.
Our matching conditions applied to a toy model of in-
flation with a jump of the equation of state at reheating
(as opposed to a continuous change), but with constant
equation of state before and after reheating, give the cor-
rect result [16,17], whereas the matching proposed in [44],
namely the continuous matching of the two modes of the
fluctuation variable ǫm (the energy density contrast on
comoving hypersurfaces, which is directly related to Φ
by a function of the background scale factor) does not.
In a new version of the Ekpyrotic Universe [50] published
after this manuscript was completed, it is proposed that
the big bang of the visible Universe results from the col-
lision of the two boundary branes, at which point the
four-dimensional scale factor vanishes. In this case any
four-dimensional toy model will break down completely
and matching fluctuations at this singular point seems
hazardous.
Another caveat is that this four-dimensional effective
theory is (as emphasized in [7]) not consistent since it
involves a sudden transition between contraction and
expansion which is not consistent with the background
Einstein equations. However, we think that by adopt-
ing the matching conditions chosen here, spurious ef-
fects due to this sudden transition are avoided. Further-
more, there are many effects concerning fluctuations in
the five-dimensional bulk which cannot be captured in a
four-dimensional effective theory of perturbations. The
final word concerning the spectrum of fluctuations in the
Ekpyrotic Universe scenario will have to come from a full
5-d analysis of the fluctuation equations, using e.g. the
formalism recently proposed in [46–49]. These calcula-
tions, in turn, will have to be based on a consistent 5-d
analysis of the background dynamics.
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